
Question 1. Let 𝑓 be analytic inside domain 𝐶. Prove that the number of zeros of 𝑓 inside 𝐶 

equals 
1

2𝜋
∆𝐶 arg 𝑓  where  ∆𝐶 arg(𝑓) is the total change in argument of 𝑓 𝓏  when moving 

along 𝐶. 

Let 𝑁(𝑇) be the number of zeros of 𝜁 𝓏  in the rectangle 0 < 𝑅 𝓏 < 1 and 0 < 𝑅 𝓏 < 𝑇. 

Prove that    

𝑁 𝑇 =
𝑇

2𝜋
 log

𝑇

2𝜋
−

𝑇

2𝜋
+ 𝑂(log 𝑇). 

Hint: Let 𝑓 = 𝜉, 𝐶 be the rectangle with vertices 2,2 + 𝑖𝑇, +𝑖𝑇, _1 and use above. 

Question 2. Let 𝑥 be a primitive character modulo 𝑞 (primitive means  𝑥𝑘 ≠ 1 for any 

𝑘 < ∅ 𝑞 ; all the results we discussed in class regarding 𝐿 - functions hold only for primitive 

characters as non- primitive characters are characters also of some  𝑝 < 𝑞,  𝑝 𝑞).  

Assume that 𝑥(−1) = 1. Let  

𝜉 𝓏, 𝑥 =  𝑞/𝜋 𝓏/2 Γ 𝓏/2  𝐿 𝓏, 𝑥 . 

Prove that 𝐿 𝓏, 𝑥  has infinitely many zeros in the strip 0 < 𝑅 𝓏 < 𝑇 and 

𝜉 𝓏, 𝑥 = 𝑒𝐴𝓏+𝐵 𝑇𝑇   1 −
𝓏

𝑝
 

𝑝

. 𝑒𝓏/𝑝 , 

Where 𝑝ranges over non- trivial zeros of 𝐿 𝓏, 𝑥 . You may assume that 𝜉 𝓏 = 𝜉 1 − 𝓏 . 

Question 3. Define  

𝐺𝑘 𝑧 =   
1

(𝑚𝓏 + 𝑛)𝑘
,

 𝑚,𝑛 ≠(0,0)

 

for 𝑘 ≥ 3. prove that 

𝐺𝑘 𝑟𝑧 =  𝑒𝑧 + 𝑑 𝑘𝐺𝑘 𝓏 , 

for 𝑇 ∈ 𝑆𝐿2 𝑍 . 𝑇 =  
𝑎 𝑏
𝑐 𝑑

  

 

 

 



 

Question 4. Derive Laurent series expansion of 𝜁 𝓏  around 𝓏 = 1. Since 𝜁 𝓏  is meromorphic 

over the complex plane with a simple pole at 𝓏 = 1,this expansion will be valid over the entire 

complex plane. 

Question 5. Prove that  

𝜁 𝓏 =  
1

𝑛2
+  

𝑚1−𝓏

𝓏 − 1

𝑚=1

𝑛=1

− 𝓏   
𝑡 −  𝑡 − 1/2

𝑡𝓏+1

∞

𝑚

 𝑑𝑡 , 

                        for all 𝓏 with ℜ(𝓏) > 0 

Question 6. In this question, we study the behavior of 𝜁 𝓏  inside the rectangle 𝑅𝑇  defined by 

points 2 − 𝑖𝑇, 2 + 𝑖𝑇, 𝛼0 + 𝑖𝑇, 𝛼0 − 𝑖𝑇 with 𝛼0 = 1 −
1

log 𝑇
 and 𝑇 ≥ 𝑒2. 

 First show that 

                                                  𝜁 𝓏 −
1

𝓏−1
 = 0(log 𝑇) 

for any 𝓏 ∈ 𝑅𝑇 . use this to show that 

 𝜁 𝓏  = 0(log 𝑇) 

              for any 𝓏 ∈ 𝑅𝑇 .  

 Next show that  

 𝜁′ 𝓏 −
1

 𝓏 − 1 2
 = 0(log2 𝑇) 

 

for any 𝓏 ∈ 𝑅𝑇 . use this to show that 

 𝜁′ 𝓏  = 0(log2  T) 

              for any 𝓏 ∈ 𝑅𝑇 . 

 

 

  

 


